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Abstract. We revisit the proof of global well-posedness and scattering for 
the defocusing energy-critical NLS in three space dimensions in light of re- 
cent developments. This result was obtained previously by CoUiander, Keel, 
Staffilani, Takaoka, and Tao [3]. 



1. Introduction 

The defocusing quintic nonlinear Schrodinger equation, 

iut + Au = \u\'^u, (1.1) 

describes the evolution of a complex- valued function u{t,x) of spacetime x Rj^. 
This evolution conserves energy: 

E{u{t)):^( \\\7u{t,x)\'^ + \\u{t,x)\^ dx. (1.2) 



By Sobolev embedding, u(0) has finite energy if and only if u(0) € Hl.{M?), 
which is the space of initial data that we consider. This is also a scale-invariant 
space; both the class of solutions to (|l.ip and the energy are invariant under the 
scaling symmetry 

u{t, x) ^ u^{t, x) := \^^^u{X^t, Xx). (1.3) 

For this reason, the equation is termed energy- critical. 

A function u : / x K'^ ^ C on a non-empty time interval / 9 is called a strong 
solution to (fTTT]) if it lies in the class C^H^{K x R^) n Ll^^iK x R^) for all compact 
K C I, and obeys the Duhamel formula 



M(t) = e"^u(0) ~ i / e'(*-^)^|u(s)|4u(s)ds, (1.4) 





for all t € I. We say that m is a maximal-lifespan solution if the solution cannot be 
extended (in this class) to any strictly larger interval. 
Our main result is a new proof of the following: 

Theorem 1.1 (Global well-posedness and scattering). Let uq E ij^(R^). Then 
there exists a unique global strong solution u € CiH].{M. x R'^) to (|l.ip with initial 
data uifi) = Uq. Moreover, this solution satisfies 

\u{t,x)\^° dxdt < C(||uo||^fi). (1.5) 

Further, scattering occurs: (i) there exist asymptotic states u± G such that 

\\u{t) - e''*^u±\\^, ^ as t ^ ±oo (1.6) 
1 
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and (ii) for any u+ G H^. {or u- G Hi) there exists a unique global solution u to 
(fLTj) such that ([Le]) holds. 

Theorem 11.11 was proved by Colliander, Keel, StafSlani, Takaoka, and Tao in the 
ground-breaking paper 1^. The key point is to prove the spacetime bound (II. 5^ : 
scattering is an easy consequence of this. Note also that the solution described in 
Theorem 11.11 is in fact unique in the larger class of C°7j^ functions obeying (|1.4p : 
this unconditional uniqueness statement is proved in [S^, §16] by adapting earlier 
work. 

The paper advanced the induction on energy technique, introduced by Bour- 
gain in |T], and presaged many recent developments in dispersive PDE at critical 
regularity. The argument may be outlined as follows: (i) If a bound of the form 
(jl.Sp does not hold, then there must be a minimal almost-counterexample, that 
is, a minimal-energy solution with (pre-specified) enormous spacetime norm, (ii) 
By virtue of its minimality, such a solution must have good tightness and equi- 
continuity properties, (iii) To be consistent with the interaction Morawetz identity 
such a solution must undergo a dramatic change of (spatial) scale in a short span 
of time, (iv) Such a rapid change is inconsistent with simultaneous conservation of 
mass and energy. 

As just described, the argument appears to be by contradiction, but this is not 
the case. In fact, it is entirely quantitative, showing that in order to achieve such a 
large spacetime norm, the solution must have at least a certain amount of energy. 
The energy requirement diverges as the spacetime norm diverges and so yields an 
effective bound for the function C appearing in (jl.Sp . This style of argument adapts 
also to other equations and dimensions; see, for example, [TT l ITS l [20 | [23 ] . 

The downside to the induction on energy argument is its complexity. It is mono- 
lithic, as opposed to modular; the value of a small parameter introduced at the 
very beginning of the proof is not determined until the very end. In recent years, 
the induction on energy argument has been supplanted by a related contradiction 
argument that is completely modular and is much easier to understand; it is not 
quantitative. 

The genesis of this new method comes from the discovery of Keraani, [11], that 
the estimates underlying the proof that minimal almost-counterexamples have good 
tightness/equicontinuity properties can be pushed further to show that failure of 
Theorem 11.11 guarantees the existence of a minimal counterexample. This insight 
was first applied to the well-posedness problem in an important paper of Kenig and 
Merle, |10j , which considered the focusing equation with radial data in dimensions 
three, four, and five. Subsequent papers (by a wide array of authors) have greatly 
refined and expanded this methodology. 

In this paper, we revisit the proof of Theorem 1 1 . 1 1 using this 'minimal criminal' 
approach, which, we believe, results in significant expository simplification. We will 
also endeavour to convey that much of the original argument lives on, both in spirit 
and in the technical details, by explicit reference to [3] as well as by maintaining 
their notations, as much as possible. 

In some very striking recent work [H 15] |6], Dodson has proved the analogue 
of Theorem 11.11 for the mass- critical nonlinear Schrodinger equation in arbitrary 
dimension. The most significant difference between [3j and the argument presented 
here comes from the adaptation of some of his ideas (present already in the first 
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paper Jy) to the problem ()l.ip . We postpone a fuller discussion of these matters 
until we have described some of the key steps in the proof. 

1.1. Outline of the proof. We argue by contradiction. Simple contraction map- 
ping arguments show that Theorem 1 1 . 1 1 holds for solutions with small energy; thus, 
if the theorem were not to hold there must be a transition energy above which the 
energy no longer controls the spacetime norm. The first step in the argument is to 
show that there is a minimal counterexample and that, by virtue of its minimality, 
this counterexample has good compactness properties. 

Definition 1.2 (Almost periodicity). A solution u e L'^H^{I xM."^) to (jl.l|) is said 
to be almost periodic (modulo symmetries) if there exist functions N : I ^ R+, 
x: I ^R^, and C : R+ R+ such that for all t e I and r] > 0, 

\^u{t,x)\'dx+ [ \^fHt,Ofd^<V- (1-7) 



-x{t)\>C{r,)/N{t) J\i\>C{n)N{t) 

We refer to the function N{t) as the frequency scale function for the solution u, to 
x(t) as the spatial center function, and to C{r]) as the modulus of compactness. 

Remark 1.3. Together with boundedness in H^, the tightness plus equicontinuity 
statement (|1.7p illustrates that almost periodicity is equivalent to the (co)compact- 
ness of the orbit modulo translation and dilation symmetries. In particular, from 
compactness we see that for each 77 > there exists 0(77) > so that for all t £ I, 



\Vu{t,x)\^dx+ I \^\^\u{t,0\^d^<ij. 

\x-x{t)\<c{ri)/N{t) J\i\<c{ri)N{t) 

Similarly, compactness implies 

\Vu{t,x)\'^ dx <u \u{t,x)fdx 

uniformly for t E I. This last observation plays the role of Proposition 4.8 in [3]. 

With these preliminaries out of the way, we can now describe the first major 
milestone in the proof of Theorem 11.11 

Theorem 1.4 (Reduction to almost periodic solutions, [ini IS])- Suppose 
Theorem ] 1.1\ failed. Then there exists a maximal-lifespan solution u : I x M.^ ^ C 
to (|1.1|) which is almost periodic and blows up both forward and backward in time 
in the sense that for all to € /, 

/ / \u{t,x)\^° dxdt ^ / / \u{t,x)\'^° dxdt = 00. 

J to Jr^ Jinf I Jr3 

The theorem does not explicitly claim that u is a minimal counterexample; 
nevertheless, this is how it is constructed and, more importantly, how it is shown 
to be almost periodic. In [3], the role of this theorem is played by Corollary 4.4 
(equicontinuity) and Proposition 4.6 (tightness). 

A precis of the proof of Theorem ll.4l can be found in [1^, building on Keraani's 
method [TT]; for complete details see [T^ or |T3]. Just as for the results from [3] 
mentioned above, the key ingredients in the proof are improved Strichartz inequal- 
ities, which show that concentration occurs, and perturbation theory, which shows 
that multiple simultaneous concentrations are inconsistent with minimality. 

Continuity of the flow prevents rapid changes in the modulation parameters x{t) 
and N{t). In particular, from [12l Corollary 3.6] or [Ml Lemma 5.18] we have 
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Lemma 1.5 (Local constancy property). Let u : / x M'' — )• C be a maximal-lifespan 
almost periodic solution to (jl.ip . Then there exists a small number S, depending 
only on u, such that if to Cz I then 

[to-SN{tor^,to + 5N{to)-^] Cl 

and 

N{t) N{to) whenever \t - to\ < JA^(to)"^. 

We recall next a consequence of the local constancy property; see [HI Corol- 
lary 3.7] and [H Corollary 5.19]. 

Corollary 1.6 {N{t) at blowup). Let u : I xM."^ ^ C be a maximal-lifespan almost 
periodic solution to (jl.l[) . IfT is any finite endpoint of L , then N(t) \T — t\~^^^; 
in particular, limt^T N{t) — oo. 

Finally, we will need the following result linking the frequency scale function 
N{t) of an almost periodic solution u and its Strichartz norms: 

Lemma 1.7 (Spacetime bounds). Let u he an almost periodic solution to (|l.ip on 
a time interval L . Then 

N[tf dt <„ II Vu||«,^^(,^j,3) + / (1-8) 

for - + - = I with 2 < q < oo. 

J q r 2 — ^ 

Proof. We recall that Lemma 5.21 in [T^ shows that 

[ N{tfdt<u [ [ \u{t,x)\^"dxdt<ul+ [ N{tfdt. (1.9) 

J I J I JR3 J I 

The second inequality in (jl.Sp follows from the second inequality above and an 
application of the Strichartz inequality. The first inequality follows by the same 
method used to prove the corresponding result in (|1.9p : The fact that w ^ ensures 
that N{t)^'^/''\\S/u(t)\\Lr never vanishes. Almost periodicity then implies that it is 
bounded away from zero and the inequality follows. □ 

Let M : / X M'^ — > C be an almost periodic maximal-lifespan solution to (|l.ip . As 
a direct consequence of the preceding three results, we can tile the interval / with 
infinitely many characteristic intervals Jfc, which have the following properties: 

• N{t) = Nf^ is constant on each J^- 

• \Jk \ ^k"^! uniformly in k. 

• ll^^llL|L'-(Jt,xR3) "^u Ij for each | + f = | with 2 < q < oo and uniformly in k. 
Note that the redefinition of N{t) may necessitate a mild increase in the modu- 
lus of compactness. We may further assume that marks a boundary between 
characteristic intervals, which we do, for expository reasons. 

Returning to Theorem 11.41 a simple rescaling argument (see, for example, the 
proof of Theorem 3.3 in [22]) allows us to additionally assume that N{t) > 1 at 
least on half of the interval /, say, on [0, Tmax). Inspired by [1], we further subdivide 
into two cases dictated by the control given by the interaction Morawetz inequality. 
Putting everything together, we obtain 
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Theorem 1.8 (Two special scenarios for blowup). Suppose Theorem \1.1\ failed. 
Then there exists an almost periodic solution u : [0,Tmax) x R'^ — >■ C, such that 



and [0, T,nax) = ^k-Jk where Jk are characteristic intervals on which N{t) = Nk > 1. 
Furthermore, 



Thus, in order to prove Theorem 11.11 we just need to preclude the existence of 
the two types of almost periodic solution described in Theorem 11.81 By analogy 
with the trichotomies appearing in [f^l I13j , we refer to the first type of solution as 
a rapid low-to-high frequency cascade and the second as a quasi- soliton. 

In each case, the key to showing that such solutions do not exist is a funda- 
mentally nonlinear relation obeyed by the equation. In the cascade case, it is 
the conservation of mass; in the quasi-soliton case, it is the interaction Morawetz 
identity (a monotonicity formula introduced in [2j). Unfortunately, both of these 
relations have energy-subcritical scaling and so are not immediately applicable to 
L'^H], solutions; additional control on the low frequencies is required. It is in how 
this control is achieved that we deviate most from [F. 

The argument in [3 relies heavily on the interaction Morawetz identity. To cope 
with the non-critical scaling, a frequency localization is introduced. This produces 
error terms which are then controlled by means of a highly entangled bootstrap 
argument. Dodson's paper also uses a frequency- localized interaction Morawetz 
identity; however, the error terms arc handled via spacetime estimates that are 
proved independently of this identity. Indeed, the proof of these estimates does not 
even rely on the defocusing nature of the nonlinearity. 

In this paper, we adopt Dodson's strategy (see also [21] )■ The requisite estimates 
on the low-frequency part of the solution appear in Theorem 14.11 It seems to us 
that this theorem represents the limit of what can be achieved without the use 
of intrinsically nonlinear tools such as monotonicity formulae. The rationale for 
this assertion comes from consideration of the focusing equation and is discussed 
in Remark 14.31 Nevertheless, Theorem 14 . 1 1 does just suffice to treat the error terms 
in the frequency-localized interaction Morawetz identity (see Section [6]), which is 
then used to preclude quasi-solitons in Section [71 

The proof of Theorem 14.11 relies on a type of Strichartz estimate that we have 
not seen previously. This estimate. Proposition 13.11 has the flavour of a maximal 
function in that it controls the worst Littlewood-Paley piece at each moment of 
time. The necessity of considering a supremum over frequency projections (as 
opposed to a sum) is borne out by an examination of the ground-state solution to 
the focusing equation; see Remark 14.31 The proof of this proposition is adapted 
from the double Duhamel trick first introduced in [31 §14]. The original application 
of this trick also appears here, namely, as Proposition 13.21 

The non-existence of cascade solutions is proved in Section [5l The argument 
combines the following proposition and Theorem 14. II to prove first that the mass is 
finite and then (to reach a contradiction) that it is zero. It is equally valid in the 
focusing case. 



lkllLinj[0,T„„,)xRi) = +00 



either 
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Proposition 1.9 (No-waste Duhamel formula, [HIlT]). Letu : [0,T„,ax)xM.^ C 
be a solution as in Theorem l 1 . 8\ Then for all t G [0,Tmax), 

l-T 

u{t)^i lim / e*(*-")^|u(s)|^M(s)ds, 
where the limit is to be understood in the weak H^. topology. 

Acknowledgements. The first author was partially supported by NSF grant 
DMS-f OOf 53f . The second author was partially supported by the Sloan Foun- 
dation and NSF grant DMS-090ii66. This work was completed while the second 
author was a Harrington Faculty Fellow at the University of Texas at Austin. 

2. Notation and useful lemmas 

We use the notation A < y to indicate that there exists some constant C so that 
A < CY . Similarly, we write A~yifA<y<A. We use subscripts to indicate 
the dependence of C on additional parameters. For example, A Y denotes the 
assertion that A < CuY for some Cu depending on u. 

We will make frequent use of the fractional differential/integral operators |V|* 
together with the corresponding homogeneous Sobolev norms: 

ll/lli^. :=ll|Vr/IU^ where |Vp/(0 := ICrAO- 

We will also need some Littlewood-Paley theory. Specifically, let Lp{^) be a 
smooth bump supported in the ball |^| < 2 and equalling one on the ball |^| < 1. 
For each dyadic number N G 2^ we define the Littlewood-Paley operators 

vim)fio, ^w(e) (1 - v{m))fio, 

Similarly, we can define P<jv, P>n, and Pm<-<n '■= P<n — P<m, whenever M and 
N are dyadic numbers. We will frequently write f<N for P<n f and similarly for 
the other operators. 

The Littlewood-Paley operators commute with derivative operators, the free 
propagator, and complex conjugation. They are self-adjoint and bounded on every 
LP. and space for 1 < p < oo and s > 0. They also obey the following Sobolev 
and Bernstein estimates: 

WM^'PnIWli A^^IIPat/IUp, WPnJWli <s aI-I ||Pjv/||ls- 
whenever s > and 1 < p < g < oo. 

We will frequently denote the nonlinearity in (jl.ip by F{u), that is, F{u) := 
\u\'^u. We will use the notation 0(A) to denote a quantity that resembles A, 
that is, a finite linear combination of terms that look like those in A, but possibly 
with some factors replaced by their complex conjugates and/or restricted to various 
frequencies. For example, 

5 

F{u + v) ='^0{u^v^^^) and F(u) = F(u>jv) + 0(w<Aru'') for any A > 0. 

3=0 

We use LjL"^ to denote the spacetime norm 

-■={[{[. Ht,x)\^dxy^dty^\ 
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with the usual modifications when g or r is infinity, or when the domain M x 
is replaced by some smaller spacetime region. When q — r we abbreviate L^L^ by 

Let e**^ be the free Schrodinger propagator. In physical space this is given by 
the formula 

In particular, the propagator obeys the dispersive inequality 

viil^(k3) £ i^r^^^ii/iiLi(K3) (2.1) 



for all times t 0. As a consequence of this dispersive estimate, one obtains the 
Strichartz estimates; see, for example, [7l|9l[T9]. The particular version we need is 
from [3]. 

Lemma 2.1 (Strichartz inequality). Let I be a compact time interval and let u : 
/ X M'' — > C he a solution to the forced Schrodinger equation 

iut + Au = G 

for some function G. Then we have 

^^A'llLfLJ(/xR3)] 



{ E W^^nWIikh.^^)}"^ ^ ll^(Mlli^i(«3) + I1VG||^,.^,,(^^^3) (2.2) 



for any time to E I and any exponents {q, r) and {q, f) obeying | + 7 = | + f = § 
and 2 < q,q < CO. Here, as usual, p' denotes the dual exponent to p, that is, 
l/p+l/p' = 1. 

Elementary Littlewood-Paley theory shows that (12.21) implies 

I|Vm||l|lj(/xR3) < ||M(io)|lHi(R3) + llVGII^i'^^/^^^^s), 

which corresponds to the usual Strichartz inequality; however, the Besov variant 
given above allows us to 'Sobolev embed' into L"^: 



Lemma 2.2 (An endpoint estimate). For any u : I x M.'^ ^ M. we have 

, 1/4 

II^'"^IIl?L6(7xR3)J 

In particular, for any frequency N > 0, 



\\u<N\\LtL^(IyM3) ^ l|Vw<Ar||^/i^2| ^ II ^"A'-f II L?L6 (/xR3) } 
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Proof. Using Bernstein's inequality we have, 

II"IIl^l-(/xr3) ^ ^{ XI II^jvWIIl-} dt 



< X \\un,\\l^l^\\un2\\l^l^\\un3\\l^^l^\\unJl^^l- 

Ni<N2<N3<N4. 



1 

J2 [^Y\\^^N,\\LrLl\\yUN,\\LrLl\\yUN,\\LjL^i\\^UNA\^Ll 



< 

Ni<---<N4. 



" N3<Ni " 



jL 

H ' II '^WA^3 II L?L6 II VmAtJI £2^6. 



All spacetime norms above are over J x R'^. The claim now follows from Schur's 
test. □ 



3. Maximal Strichartz estimates 

Proposition 3.1. Let {idt + A)v = F + G on a compact interval [0,T]. Then for 
each 6 < g < oo, 



M{ty^-'\\PMit}v{t)\ 



^ llivr^^lL^c^. + iiivr^G||^.^e/. + \\Fh.,. 



uniformly for all functions M : [0,T] — >■ 2^. All spacetime norms arc over [0,T] x 

It is not difhcult to see that the conclusion is weaker than (and has the same 
scaling as) |V|~^/^w S L^L^. In fact, if F = 0, this stronger result can be de- 
duced immediately from the Strichartz inequality. However, this argument does 
not extend to give a proof of the proposition because F £ L\ does not imply 
|y|-i/2^ e L%^^ . Indeed, the whole theory of the energy-critical NLS in three 
dimensions is dogged by the absence of cndpoint estimates of this type. 

The freedom of choosing an arbitrary function M(t) makes this a maximal func- 
tion estimate; at each time one can take the supremum over all choices of the 
parameter. Writing maximal functions in this way yields linear operators and so 
one may use the method of TT*\ this is an old idea dating at least to the work of 
Kolmogorov and Seliverstov in the 1920s (cf. PS| Ch. XIII]). As we will see, the 
double Duhamel trick, which underlies the proof of Proposition 13. 1[ is a variant 
of the TT* idea. Specifically, one takes the inner-product between two different 
representations of v{t). 

The double Duhamel trick was introduced in [Sj §14]. There it was used for a 
different purpose, namely, to obtain control over the mass on balls. This is then 
used to estimate error terms in the (localized) interaction Morawetz identity. We 
will also need this information and for exactly the same reasons; see (|6.16p . The 
following proposition captures the main thrust of O §14]: 

Proposition 3.2. Let {idt + A)i; = F + G on a compact interval [0, T] and let 

1/2 



[SRv]{t,x) (TTi? 



{i^R'r'^'l^ Ht,x + y)\'e-\y\'/^'dy^ . (3.1) 
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Then for each < i? < oo and 6 < q < oo, 

R-^~I\\Srv\\^,^, < \\v\\l^li + \\G\\^,^ero+R-i\\F\\L2Li, (3.2) 
where all spacetime norms are over [0,T] x M.^ . 

We use the letter S for the operator appearing in (|3.ip to signify both 'smudging' 
and 'square function'. It is easy to see that the Gaussian smudging used here could 
be replaced by other methods without affecting the result; indeed, the analogous 
estimate in [3j averages over balls. That paper also sets q = 100 and sums over 
a lattice rather than integrating in x. As Sv is slowly varying, summation and 
integration yield comparable norms. 

To control Srv we need to estimate some complicated oscillatory (and non- 
oscillatory) integrals. By choosing a Gaussian weight, some of the integrals can be 
done both quickly and exactly; see the proof of Lemma l3.4l Before turning to that 
subject, we first show how the two propositions are inter-connected. The proof 
of the next lemma also demonstrates how bounds on Sr can be used to deduce 
analogous results with other weights. 

Lemma 3.3. Fix 6 < g < oo. Then 

sup mI^MI/mL, < sup A/t~H|5M-i(/A/)||r<j. (3.3) 

M>0 " M>Q 

Proof. Let Pm — Pm/2+Pm+P2M denote the fattened Littlewood-Paley projector. 
The basic relation Pm = PmPm reduces our goal to showing that 

sup Aft~M|Pji/g|| , < sup Aff"H|5ji/-i5|| , (3.4) 

M>0 " M>Q 

for general functions g : M"^ — > C, say, g = fM- 

Recall that the convolution kernel for Pm takes the form IvP-iplMx) for some 
Schwartz function -0. By virtue of its rapid decay, we can write 

/.oo 

\lP{x)\ < / ^-3/2g-|x|VA^^^(A) 

Jq 

where /z is a positive measure with all moments finite. Indeed, since ip is radial one 
can choose d/i(A) = 20|7/''(A)| dX. Thus by the Cauchy-Schwarz inequality, 

\[pMg]{x)\^< / \gix + y)\HT^\^iMy)\dy< / \[S^M-^g]ix)\' \' dfi{X). 

JR3 Jo 

Applying Minkowski's inequality in L^^^(M'^) then easily yields (|3.4p : indeed, one 
can take the constant to be [/ X^+^/i d^(A)]i/2. □ 

Lemma 3.4. For fixed 6 < q < oo, the integral kernel 

KRiT,z;s,y;x) {nR^)-'^' {S,, e^-^e-l— 

obeys 

noo 
R^-l\\KR{T,z;s,y;x)\\.^ .,/2 f{t+T)f{t-s) ds dr < \[Mf]{t)\\ (3.5) 

where Ai denotes the Hardy-Littlewood maximal operator and / : M — > [0, oo). 
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Proof. From the exact formula for the propagator, 

Kn[t,z,s,y,x)- J^^ (4^»r)3/2(47rzs)3/2(7ri?2)3/2 ' ^'^■^) 

Completing the square and doing the Gaussian integral yields 

R^is + T)^\x-x*\^ X 



\Knit,z;s,y;x)\^{27:)-'[m.s'r' + R\s + rr\ exp| ^g^^^^ + ^4(, + J 

where x* ~ {sz + ty) / [s + t). One more Gaussian integral then yields 
\\Kr{. . .)||^,/2 = (27r)-3(27r/g)3/'?i?-6/g|s + ^pe/, j^gg2^2 ^ ^4^^ ^ ^)2p3/4+3/?^ 

Notice that there is no dependence on z or y. This is due to simultaneous translation 
and Galilei invariance. In this way, we deduce that 



LHS(I33|) < sup / / K*g{a,l3)f{t + R' 

R>0 Jo Jo 



a)!{t- R^P)dad(i, (3.7) 



where we have changed variables to a = i? and (3 — R and written 

To finish the proof, we just need to show that K* can be majorized by a convex 
combination of (L^-normalized) characteristic functions of rectangles of the form 
[0,i'] X [0, w]. In fact, we can write it exactly as a positive linear combination of 
such rectangles: 

p{t, w) d£ dw 



oo poo poo poo 



a J 13 



where p{£,w) := £wdidwK*{£,w) > 0. Thus, we just need to check that p e 
L^. With a little patience, one finds that p{£,w) <q K*{£,w), which leaves us to 
integrate the latter over a quadrant. We use polar coordinates, £ + iw = re*^: 

oo I'OO noo /'7r/2 

K*{£,w)d£dw < / / r-^/"? [r-^sin^ (26*) +r2] -3/4+3/9 rd6l(ir 
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< 



oo 



r-i/2(l+r)-3/2+6/«rf^<l. 



Notice that convergence of the r integral relies on g > 6. The estimate for the 9 
integral given above is only valid in the range 6 < q < 12. When q > 12, the correct 
form is / r~^/^(l + r)~^ dr and when q = 12, it is /f^^/^ log(2 + r)(l + r)~^ dr. 
Nevertheless, both of these integrals are also finite. □ 

We now have all the necessary ingredients to complete the proofs of Proposi- 
tions 13.11 and 13.21 We only provide the details for the former because the two 
arguments are so similar. Indeed, the proof of the latter essentially follows by 
choosing M{t) = R^^ and throwing away the Littlewood-Paley projector PM{t) in 
the argument we are about to present. 



Proof of Proposition \3.1\ In view of Lemma 13.31 we need to show that 

sup M-^-^\\SM-^{PMv{t))\\,, e L?([o,r]) 

M>0 " 

(with suitable bounds), where the supremum is taken pointwise in time. 
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As noted earlier, we will use the double Duhamel trick, which relies on playing 
two Duhamel formulae off against one another, one from each endpoint of [0,r]: 



itA 



v{0) 



J{t-s)A 



G(s) ds 



F{s) ds 



(3.8) 



*(^-*)^t>(T) +i / e-'(^-*)^G(r)rfr + i / e-'(^-*)^F(r) dr. (3.9) 



vit) 



The idea is to compute the norm of PMv{t) with respect to the Gaussian mea- 
sure that defines [SM-^PMv]it,x) by taking the inner product between these two 
representations. Actually, we deviate slightly from this idea because it is not clear 
how to estimate a pair of cross-terms. Our trick for avoiding this is the following 
simple fact about vectors in a Hilbert space: 

v^a + b = c + d =^ \\v\\'^ <3\\af + 3\\cf + 2\{b,d)\. (3.10) 

(The numbers are neither optimal nor important.) To prove this, write 

IK'IP = {a,v) + {v,c) - (a,c) + {b,d) 

and then use the Cauchy-Schwarz inequality. 

Let us invoke p.lO|) with a and c representing {Pm applied to) the first two 
summands in (j3.8p and p.9p . respectively, while b and d represent the summands 
which involve F. In this way, we obtain the pointwise statement 

[SM-i{PMv)]{t,x)\^ < \sM-i{e'''^VMiO)-iJ^ e'(*-^)^GAf(s)ds)(x)|' 

+ |5m-i (e-^(^-*)^z;M(r) + z^^e-'(^-*)^GM(r) rfr) (x) 
+ hM{t,x), 
where h^r is an abbreviation for 



hM{t,x) := 71-3/2^3 



The contributions of the first two summands are easily estimated: For any func- 
tion w. Young's and Bernstein's inequalities imply 



M-^-^\\[SM-^{PMw)]{t,x)\\ < M 

This can then be combined with Strichartz inequality, which shows 



< 



|Vr^i;(0)| 



and similarly for the second summand. 

The third summand, ft. a/, is the crux of the matter. Using the notation from 
Lemma 13.41 and changing variables, we have 

hM{t,x)^ J J j j Fuit + r' ,z)Km-i{t' ,z;s' ,y]x)FM{t- s' ,y)dydzds' dr' 

Note also that by Bernstein's inequality and the maximal inequality, 

f{t):^\\F{t)Ui obeys ||FM(i)||Li < /(i) and HX/L^ < HFl^.^i. 
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Thus using Lemma 13.41 (with / as just defined), we obtain 

-'\\hM{t)h 



sup M~' 

M>Q 



^ \\F\\l2Li. 



Recalhng that Hm appears in an upper bound on the square of the size of Pmv, 
the proposition follows. □ 



4. Long-time Strichartz estimates 

The main result of this section is a long-time Strichartz estimate. As will be 
evident from the proof, the result is also valid for Lf^H];.{M.^) solutions to the 
focusing equation; see also Remark 14.31 at the end of this section. 

Theorem 4.1 (Long-time Strichartz estimate). Let u : [TmimTmax) x M'' — > C 6e 
a maximal-lifespan almost periodic solution to (jl.ip and I C (Tmin, Tmax) o, time 
interval that is tiled by finitely many characteristic intervals Jk ■ Then for any fixed 
6 < g < oo and any frequency N > 0, 

A(iV):={ ^ \\VuM\\%r^e^j^^s)} (4.1) 

M<N 

and 

Aq{N) := N^^^ 

obey 

A{N) + Ag{N) <ul + N^^^K^^^, (4.3) 
where K := Jj N{t)~^ dt. The implicit constant is independent of the interval /. 

The proof of this theorem will occupy the remainder of this section. Throughout, 
we consider a single interval I and so the implicit dependence of A{N), Aq{N), and 
K on the interval should not cause confusion. Additionally, all spacetime norms 
will be on / x R"^, unless specified otherwise. 

By Bernstein's inequality, Aq{N) is monotone in q. Thus g = oo is also allowed. 

The analogue of Theorem l4.1l in ^3^ is Proposition 12.1. Our proof is very different 
and is inspired by Dodson's work, [J], on the mass-critical NLS (see also [IS]). In [3], 
this estimate is derived on the assumption that M>Ar obeys certain Lf ^ spacetime 
bounds. That the solution does admit these spacetime bounds is derived from 
the interaction Morawetz estimate, using the analogue of (|4.3I) to control certain 
error terms. This results in a tangled bootstrap argument across several sections of 
the paper. The argument that follows does not use the Morawetz identity, merely 
Strichartz and maximal Strichartz estimates, and so is equally valid in the focusing 
case. We also contend that it is simpler. 

The attentive reader will discover that the implicit constant in (14. 3p depends only 
on u through its LfH]. norm and its modulus of compactness (cf. Definition 1 1.2p . 
Indeed, the dependence on the latter can be traced to the following: Let 77 > be a 
small parameter to be chosen later. Then, by Remark 1 1 . 3 1 and Sobolev embedding, 
there exists c = c{i]) such that 



sup Ml ^\\uM{t)\ 

A,T~^ AT 



Lli 



(4.2) 



ll"<c7V(t)llL~L6 + llVM<cAr(t)|lL~L2 < V- 



(4.4) 
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By elementary manipulations with the square function estimate and Lemma l2.21 
respectively, we have 

\\'^u<n\\lIli < A{N), \\u<N\\LtL^ < A{Ny/'\\Vu<N\\]!^^. <u A{Ny/^ (4.5) 

As noted earlier, the only reason for considering the Besov-type norm that appears 
in (|4.1I) . rather than the simpler LfL^ norm, is that it allows us to deduce these 
L^L^ bounds. 

By combining the Strichartz inequality (Lemma 12. ip with Lemma 11.71 we have 

A{N)^ <ul + N{tf dt <„ N{tf dt. (4.6) 

Note that the second inequality relies on the fact that / contains at least one whole 
characteristic interval Jk ■ Similarly, using Proposition 13.11 and then Bernstein's 
inequality we find 

<l + \\yu\\L2L^,\\u\\l^^e 

<u [j^N{tfdtf'\ 

Thus 

1 /3 

A(7V)+i,(iV)<„7V3/2ifi/2 whenever N > (^j^^^-^ (4.7) 

and so, in particular, when N > N„iax '■— supjg/ N{t). This is the base step for the 
inductive proof of Theorem 14.11 The passage to smaller values of N relies on the 
following: 

Lemma 4.2 (Recurrence relations for A{N) and Aq{N)). For -q sufficiently small, 

A{N) <u 1 + c-3/27v3/2^i/2 _^ rj^Ay{2N) (4.8) 
Aq{N) <u 1 + c-^/^N^/^K^/^ + rjA{N) + rfAy{2N), (4.9) 

uniformly in N E 2^ . Here c = ciji) as in (j4.4p . 

Proof. The recurrence relations for A{N) and Aq{N) rely on Lemma l^TTj and Propo- 
sition [3TT1 respectively. To estimate the contribution of the nonlinearity, we decom- 
pose u{t) = u^^i^^i'^{t) +UycN{t)(t) a-nd then selectively u = u<n + u^n- Recalling 
that the notation incorporates possible additional Littlewood-Paley projections, 
we may write 

F{u) = 0(u|,jv(t)^') + 0("|ciV(t)^') 

= 0(">cJV(t)^^) + &{ulcN{t)^lNu) + 0(4,^(t)4jv")- (4.10) 
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Using this decomposition together with Lemma [2.11 and Bernstein's inequahty, we 
obtain 



+ \\yP<N0{u<^Nit)uiNu)\\^2^l/^ + II VP<Ar0(M|cAr(t)W<ArM) 11^2^6/5 
+ II V0("<c7V(t)"<Ar") 11^2^6/5. (4.11) 

Using instead Proposition 13. II and Bernstein's inequahty, we find 

MN) < iV3/2||||Vrl/V^||^^^^, + ||4,Ar(t)u'L2^i + ll4eiV(t)">wW|lL?Li 

+ II ivr^/'p>Ar0(4,^(,)4jvw) 11^2^6/5} 

S l + ^'^'ll">ciV(t)"'llL?Li +A^'/'ll4cA'(t)W>wU||i2ii 

+ l|V0(4cW(t)"<^vw)|L2i6/5. (4.12) 

Therefore, to obtain the desired recurrence relations it remains to estimate the 
(identical) last three terms on the right-hand sides of (|4.1ip and (|4.12[) . We will 
consider these terms individually, working from left to right. 

To treat the first term, we decompose the time interval / into characteristic 
subintervals Jk where N{t) = Nk- On each of these subintervals, we apply Holder's 
inequality, Sobolev embedding, Bernstein's inequality, and Lemma 11.71 to obtain 

\\'^>cN(t)^^\\ L^Ll{JkXR3) < ll">cArfc|li4^(j^xR3)ll'"llii^L6 

Squaring and summing the estimates above over the subintervals Jk, we find 

N'^'\KcNit)^'L^L^ <u c-^l^N^I^K^l\ (4.13) 



which is the origin of this term on the right-hand sides of (|4.8I) and (|4.9p . 

To estimate the second term, we begin with a preliminary computation: Using 
Bernstein's inequality and Schur's test (for the last step), we estimate 



|0(">w")| 



r2r3/2 



< 



< 



X! 1 1 ""A^i (0 1 1 L2 1 1 MM2 (<) 1 1 1 1 MAft (0 1 1 



Ml > A/2 > A/3 
A/2>Af 



sup ||Mf-^M(i)Lj (|^)'^'l|V«A/i(t)|U2||VtiM3(t)||L^ 



*-^>^ Afi>Af3 



<„ 7V"3/2i,(2iV). (4.14) 
Using this. Holder, and (j4.4p . we find 

<u r/2i,(27V). (4.15) 
This is the origin of the last term on the right-hand sides of (|4.8p and (|4.9p . 
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Finally, to estimate the contribution coining from the last term in ()4.1ip and 
()4.12p . we distribute the gradient, use Holder's inequality, and then ()4.4|) and (14. 5|) : 

||V0(u|cW(t)"<JV'«)|L2i6/^ ^ l|Vu<Ar|L2i6||u<cAr(t)||L~Lgl|w|li~L6 

+ l|Vu||L~L2||w<cjv(t) 11^=0^6 ||'U<7v|li4ioo||u|lL~L6 

<u 7]A{N). (4.16) 

As ^(A^) is known to be finite (of. (|4.6I) ). this can be brought to the other side of 
(|4.8p : naturally, this requires rj to be sufficiently small depending on u and certain 
absolute constants, but not on I. 

Collecting estimates (|4.13p through (|4.15p and choosing rj sufficiently small, this 
completes the proof of the lemma. □ 

We now have all the ingredients needed to complete the proof of Theorem 14.11 

Proof of Theorem \4-l\ With the base step (|4.7p and Lemma [4.21 in place. Theo- 
rem 14.11 follows from a straightforward induction argument, provided rj is chosen 
sufficiently small depending on u. □ 

Remark 4.3. In the introduction it was asserted that the long-time Strichartz 
estimates in Theorem 14. II are essentially best possible in the focusing case. We now 
elaborate that point. For the energy-critical equation, the principal difficulty is to 
obtain control over the low frequencies, because all known conservation laws (with 
the exception of energy) and monotonicity formulae are energy-subcritical. If (by 
some miracle) we knew our putative minimal counterexample u belonged to L'^L^, 
the whole argument could be brought to a swift conclusion, even in the focusing 
case (cf. [E]). Thus any potential improvement of Theorem 14.11 should be judged 
by whether it gives better control on the low frequencies. 
It is well-known that 

W{x) ^ {l + \\x\'^)-^'^ obeys /:\W + W^ = Q (4.17) 

and so is a static solution of the focusing energy-critical NLS. In particular, it is 
almost periodic with parameters N{t) = \ and x{t) = 0. 
As / W{x)'^ dx = 47rV3, we can read off from (j4.17p that 

vF(e) -4^V3ier'+o(icr) as ^^o (4.18) 

and so deduce ||Wa/||l<! ^ Af^^^/'? for M small and 6 < g < oo. This shows that 
the supremum is essential in (|4.2p ; we cannot expect the bound (|4.3p for the sum of 
the Littlewood-Paley pieces. It also shows that the L^L^ norm of VW^<Ar on long 
time intervals decays no faster than the N^/"^ rate proved for A{N). 

5. Impossibility of rapid frequency cascades 

In this section, we show that the first type of almost periodic solution described 
in Theorem 11.81 (for which J^""^'' N{t)^^ dt < oo) cannot exist. We will show that 
its existence is inconsistent with the conservation of mass, M{u) := J^^ \u{t, x)\'^ dx. 
The argument does not utilize the defocusing nature of the equation beyond the 
fact that the solution belongs to L^H].. 
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Lemma 5.1 (Finite mass). Let u : [0,Tmax) x M'' — >■ C 6e an almost periodic 
solution to (II. ip with ||u||^io ([o.t,„„i)xr3) = +00 and 



-1 



K := / N{t)-'dt < 00. (5.1) 
Jo 

(Note T^ax = 00 is allowed.) Then u G L'^L^; indeed, for all < N < 1, 

||mw<-<i||l~L2([o_t„„)xE3) + if{ X! ll^"A'^lli?iS([0,T„„)xR3)} <u 1- (5.2) 



M<N 



Proof. The key point is to prove (j5.2p : finiteness of the mass follows easily from this. 
Indeed, letting iV — > in (j5.2p to control the low frequencies and using Vm G L'^L'^. 
and Bernstein for the high frequencies, we obtain 

\\u\\ltli < WukiWl^li + I|m>i||l~l2 <„ 1. (5.3) 

In the inequality above and for the remainder of the proof all spacetime norms are 
over [0,T„,ax) x M^. 

As K is finite, the conclusion (|4.3p of Theorem 14.11 extends (by exhaustion) to the 
time interval [0,rmax)- Observe that the second summand in (|5.2p is N^^A{N/2), 
in the notation of that theorem. 

We will estimate the left-hand side of (|5.2p by a small multiple of itself plus a 
constant. For this statement to be meaningful, we need the left-hand side of ()5.2p 
to be finite. This follows easily from Theorem 14.11 and Bernstein's inequality: 

LHSdES) < N''^\\Vu\\l^l2 + N-^A{N/2) <„ N-\l + N^Kf^ < 00. (5.4) 

The origin of the small constant lies with the almost periodicity of the solution. 
Indeed, by Remark 11.31 and Sobolev embedding, for r/ > (a small parameter to be 
chosen later) there exists c = 0(77) such that 

\\u<cN{t)\\L^Ll + \\^U<cN{t)\\L^Ll < V- (5-5) 

To continue, fix < iV < 1. Using the Duhamel formula from Proposition 11.91 
together with the Strichartz inequality we obtain 

LHSdOl) < jf\\VP<NF{u)\\^,^e/. + \\PN<-<lF{u)\\^,^ej.. (5.6) 

To estimate the nonlinearity, we decompose u{t) = u<cN{t)(t) + '">cAr(t)(i) and 
then u — u^N + un< <i + u>i. As the notation incorporates possible additional 
Littlewood-Paley projections, we may write 

F{u) = 0(u|^jy(j)M^) + 0(M<cAr(t)M<ArM^) + 0(u<cAr(t)'"<iUAr<.<i'u) 

+ 0(u<cAr(t)W>iU^). (5.7) 

Next, we estimate the contributions of each of these terms to (|5.6p . working from 
left to right. 

Using Bernstein's inequality and (|4.13p . we bound the contribution of the first 
term as follows: 

-k\\'^P<N0{ul^N(^t)U^)\\^2^6/5 + \\PN<-<10{ul^N(^t)U^)\\^2^6/5 
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To estimate the contribution of the second term in (|5.7|) to (|5.6|) . we use Bern- 
stein's inequahty on the second summand and distribute the gradient, followed by 
Holder's inequality, (|4.5I) . and 



TV II » -'^<W0('"<cAf(t)"<Ar'"^) 11^2^6/5 + ||-P7V<-<10(w<cAr(i)U<ArU^) 11^2^6/5 



< ;^||Vu<cAr(f)||Lj-L2 ||M<w||^4^o=||w||ic,c^6 



+ w\\u<cN{t)\\L^ LiW'^U^nW L^^L<i\\u\\lo. ^6 

+ :^lk<cAr(t)llL~L6||lt<jv||i4ioo||Vu||L=ci2||M||i=.o^6 

Using Bernstein's inequality, Theorem 14.11 (14.51) . and (15.51) . we estimate the 
contribution of the third term in (15.71) as follows: 



II VP<Ar0(u<cAr(t)U<iMAr<.<iu) 11^2^6/5 + || -PAr<.<l0 (u<c7V(t)W<lU7V<-<lw) || ^2^6/5 
^ II W<c7V(t) II L~L6 II W<1 II i4^oo II W7V<-<1 II L~L2||u||icx>^6 

<„7/(l + Xi/2)LHS(l53). 



Finally, to estimate the contribution to (|5.6p of the last term in (|5.7p we use 
Bernstein's inequality, Theorem 14. 1[ (|4.14p . and (|5.5p : 



;^|| VP<7v/20(u<cA'(t)U>iW^) 11^2^1/5 + ||^Af<-<10("<cAr(t)W>iU^) 11^2^6/5 
< + l)||0(u<,^(t)?/^X)|L2^l 

^ l|w<cAf(t)llL~L6 II 0("?.lU) 11^2^3/2 ||u||L~Lg 

Collecting all the estimates above, (|5.6p implies 

LHSdEH) <„ 77(1 + K^/^) LHSdO]) + 1 + c-3/2/4:i/2^ 
Recalling (j5.ip and (j5.4l) and taking rj small enough depending on u and K yields 

dO). □ 



We are now ready to prove the main result of this section: 

Theorem 5.2 (No rapid frequency-cascades). There are no almost periodic solu- 
tions u : [0,Tmax) X R'^ — C to (jl.ip with ||w||iio ([o,t„„)xR3) = '^'^'^ 

N{t)-^dt< 00. (5.8) 







Proof. We argue by contradiction. Let u be such a solution. By Corollarv ll.61 

^ lim N{t) = 00, (5.9) 



when Tmax is finite; this is also true when Tmax is infinite by virtue of ((57 

We will prove that the existence of such a solution u is inconsistent with the 
conservation of mass. In Lemma l5.1l we found that the mass is finite; to derive the 
desired contradiction we will prove that the mass is not only finite, but zero! 
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We first show that the mass at low frequencies is small. To do this, we use 
the Duhamel formula from Proposition II .91 together with the Strichartz inequality, 
followed by Bernstein's inequality: 

\\u<n\\ltlI < \\P<NF{u)\\^,^e/. < N'/^\\F{u)\\l2li- 

In the display above and for the remainder of the proof all spacetime norms are 
over [0,T„,ax) xM3. 

To estimate the nonlinearity we decompose it as follows: 
F{u) ^ 0{u%^u^) + 0{ul^u^). 
By Theorem 14. 1[ (|4.5p . (|5.8I) . Bernstein, and finiteness of the mass, 

l|0(4l"')lli?ii < h<l\\ltL^h<l\\L^M\l^Ll 1, 

while by Theorem liJl and 

I|0(4i^')IIl?L1 < h|li~L6||4l||^.^3/2 <„ 1. 

Thus, 

By comparison, control over the mass at middle and high frequencies can be 
obtained with just Bernstein's inequality and the fact that for any rj > there 
exists c = c(u, rj) > so that 

||Vu<cjv(t)(OIU^ < 77, 
which was noted in Remark ll.3l Altogether, we have that for any t e [0,rmax), 

\\u{'t)\\Ll S \\u<N{t)\\Ll + \\P>NU<cN(t){t)\\Ll + II ■">cJV(t) (*) lU^ 

<„ + Ar-i||Vu<,jv(o(i)IU^ + c-^N{t)-'\\Vu\\L^L2 
<„ N^/^ +N-^ri + c-^N{t)~\ 

Using (|5.9p . we can make the right-hand side here as small as we wish. (Choose N 
small, then 77 small, and then t close to Tmax-) Because mass is conserved under the 
flow, this allows us to conclude that ||m||/^oo^2 = and thus u = in contradiction 
to the hypothesis ||u||iio ([o,T„ax)xE3) = +00. □ 

6. The frequency-localized interaction Morawetz inequality 

In this section, we prove a spacetime bound on the high-frequency portion of the 
solution: 

Theorem 6.1 (A frequency-localized interaction Morawetz estimate). Suppose u : 
[0, Tfnax) X — )■ C is an almost periodic solution to (jl.ip such that N{t) > 1 and let 
I C [0,Tmax} be a union of contiguous characteristic intervals Jk- Fix < rjQ < 1. 
For N > sufficiently small (depending on r]o but not on I), 

f f \u>N{t,x)\Uxdt<um{N-'^ + K), (6.1) 

where K :~ JjN(t)^^ dt. Importantly, the implicit constant in the inequality above 
does not depend on 779 or the interval /. 
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Unlike Theorem 14.11 the argument does not rely solely on estimates for the 
linear propagator and is not indifferent to the sign of the nonlinearity. Instead, we 
use a special monotonicity formula associated with namely, the interaction 

Morawetz identity. This is a modification of the traditional Morawetz identity (cf. 
[15l[T6]) introduced in [2]. We begin with a general form of the identity: 

Proposition 6.2. Suppose idt<j> — — + \<j)\'^<j> + J- and let 

M{t):^2[[ \(j)iy)fakix-y)lin{Mx)4>i^)}dxdy, (6.2) 
for some weight a : R"* — )• M. Then 
dtM{t)^ f f {lakk{x-yMx)f\cl){y)\^ 

+ 2ak{x - y)|0(y)P Re[</)fc(a;).F(x) - J^kix)^{x)] 
+ 4ak{x - y){lmJ^{y)(f>{y)){lm(j>k{x)(i){x)) 
+ 4:ajk{x - y)[\<j){y)\'^4>j{x)(f>k{x) - (Im4>{y)(j)j{y)){lm4>{x)(j)kix))] 

- ajjkk{x - y) \cj){y)\^\(l){x)\^^ dxdy. 

Subscripts denote spatial derivatives and repeated indices are summed. 

The significance of this identity to our problem is best seen by choosing a{x) = \x\ 
and to be a solution to (jl.ip . In this case, J- =Q and the Fundamental Theorem 
of Calculus yields 

8^/ / \^{t,x)\'^dxdt < 2||A/(t)||i^(/) < Mml^LHixR^)U\\LrHHixm^)- 

The left-hand side originates from (16.71) : the terms (|6.6|) and (|6.3p are both positive. 

Unfortunately for us, a minimal blowup solution need not have finite norm 
at any time. Thus it is necessary to localize the identity to high frequencies, that 
is, choose (f) = M>Ar. Naturally, this produces myriad error terms; nevertheless, in 
spatial dimensions four and higher they can be controlled (cf. [18l [23l [25] ) . In the 
three dimensional case under consideration here, there is one error term (originating 
from (|6.5p ) that cannot be satisfactorily controlled. (See also Remark 16.91 at the 
end of this section.) This was observed already in [5] and as there, our solution is 
to truncate the function a. This truncation ruins the convexity properties of a that 
made some of the terms in Proposition 16 . 21 positive, thus creating more error terms 
to control. 

For reasons we will explain in due course, it is important to perform the cutoff 
of a in a very careful fashion. We choose a to be a smooth spherically symmetric 
function, which we regard interchangeably as a function of x G M.'^ or r — \x\. We 
specify it further in terms of its radial derivative: 

■.r<R 

J-^ \og{r/R) ■.eR <r< e'^-'^°R (6.8) 
: e-^R < r 

where Jq > 1, J > 2Jo, and R are parameters that will be determined in due 
course. It is not difficult to see that one may fill in the regions where Or is not yet 



(6.3) 

(6.4) 
(6.5) 
(6.6) 

(6.7) 



1 

a(0) = 0, Ur > 0, Grr < 0, and = < 1 
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defined so that the function obeys 

l^rOrl <fc J~V-'^ for each k > 1, (6.9) 

uniformly in r and in the choice of parameters. 

When |a;| < R, we see that a{x) — \x\, while a is a constant when |x| > e"^ R. 
The key point about the transition between these two regimes is that 

-Or > — r— but \arr\ < — (6.10) 
r Jr Jr 

when eR < r < e'^~^°R. Thus the Laplacian a^k = Orr + is dominated by 
the first derivative term and so remains coercive at these radii. (This also appears 
implicitly in j3j §11] and is the key point behind the 'averaging over i?' argument 
there.) 

As noted above, we will be applying Proposition 16.21 with 

(/) = := u>Ar, and so F ^ PmF {u) ~ F {uhi) . (6-11) 

(We will also write uio := u<n-) Here N is an additional parameter that will be 
chosen small (depending on rjo and u). We require that N, R, and J are related 
via 

e^RN^l. (6.12) 

Actually, it is merely essential that e"' RN < 1, but choosing equality makes the 
exposition simpler. Our first restriction on these parameters is that N is small 
enough and R is large enough so that given 77 — 77(770, u), 

\Wuio{t,x)\^dx+ \Nuhr{t,x)\^dx+ \VuMit,x)\^dx <r]^ (6.13) 

Jr^ J\x-x(t)\>§ 

uniformly for < t < Tmax- The possibility of doing this follows immediately from 
the fact that u is almost periodic modulo symmetries and N{t) > 1. 

Before moving on to estimating the terms in Proposition [521 "we pause to review 
the tools at our disposal. Besides using the norm 11^/1^11^4 to estimate itself, we 
will also make recourse to Theorem 14.11 and Proposition [221 For ease of reference, 
we record these results in the forms we will use: 

Corollary 6.3 (A priori bounds). For all - + ^ = ^ with 2 < g < 00 and any 

ll^"'o|L|Lj + ll^'"1^l'"''»ILfLj + (6.14) 

Under the hypothesis (|6.13p . 

WuiohtL^ <u + N^kY'\ (6.15) 

Furthermore, for any p < Re'^ — N~-^ , 

sup / \uM{t,y)\''dydt<up{K + N-^). (6.16) 



Proof. Recall that Theorem 14.11 implies 

1/2 



M'<M 
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uniformly in M. Setting M — N yields all the estimates on uio stated in the 
corollary. More explicitly, the q — 2 case of ()6.14|) as well as ()6.15p follow from this 
statement and (|4.5p . The other values of q can then be deduced by interpolation 
with the (conserved) energy. 

Similarly, to estimate Uhi we write 

multiply through by Af"^, and sum over M > N. Notice that the condition 
I + ,s < 1 guarantees the convergence of this sum. 

Claim (j6.16p will follow by combining Proposition 13.21 and Theorem 14.11 First 
we write {idt + A)u>jv = F + G with F = PyM&iu^j^^u^) and G = PyN&{u%j^u) 
and then estimate these as follows: By Theorem 14.11 and (I4.14p . 

\\F\\lIli < \\u\\l^^.\\0{ul^u)\\^,^.,. <„ + 

while by Bernstein, Theorem 14. 11 and (|4.5p . 

AT-i + 7Vi/2^i/2^ 
Putting these together with Proposition 13.21 yields 

Noting from p.ip that, modulo a factor of p"'^/^, Suyiq{t, x) controls the norm 
on the ball around x, and recalling the restriction on p, we deduce the claim. □ 



We now begin our analysis of the individual terms in Proposition 16. 2[ beginning 
with the most important one: 

Lemma 6.4 (Mass-mass interactions). 

87r||Mw||^4^(jxK3) ~ j j j -(^33kk{x - y) \uhi{y)\^\uhi{x)\^ dxdydt 

Proof. In three dimensions, A|x| — 2\x\^^ and — (47r|a::|)^^ is the fundamental so- 
lution of Laplace's equation. In this way, we are left to estimate the error terms 
originating from the truncation of a at radii |a; — > R. Combining (|6.9p and 
(|6l6l) yields 

\ajjkk(x - y)\ \uht{y)\'^\uht{x)\'^ dxdydt 

x — y\>R 

J 

" 3=0 

To obtain the lemma, we simply invoke (16.131) as well as (I6.12p . □ 

The second most important term originates from (|6.3p . Its importance stems 
from the fact that it contains additional coercivity that we will use to estimate 
other error terms below. 
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Lemma 6.5. We estimate (|6.3|) in two pieces: 

Bi := [ [[ lakkix-y)\uhrix)f\uMiy)\^dxdydt>0, (6.17) 

Jl J J\x-y\<e '- 'oB. 

as akk > there, and on the complementary region, 

\akk{x - y) \\uM{x)f\uhiy)\^ dx dydt<^{K + N'^) . (6.18) 

'\x-y\>e''-''oR 

Proof. That akk > and hence Bi > is immediate from ()6.10p . Furtlier, by 
construction, \akk\ ^ JQiJT)^^ when r > e'^^"'"i?. In this way, we see that (|6.18p 
rehes only on controhing 

Jo\uUx)\'^\uMiy)\^ ^ 
-. j dx dy dt, 

'.■'-■'0R<\x-y\<e-'R. 'j\x — y\ 

which by (|6.16p is 

J 

<uM\um\\1^li {Je'Ry' ■{e'R){K + N-^) 

as needed. □ 

Now we come to the most dangerous looking term, (|6.6p . Satisfactory control 
relies on the full strength of (|6.10p . 

Lemma 6.6. Let 

^jkix,y) := \uhi{y)\'^djuri{x)dkUhiix) ~ (ImuXl(?;)9jU/„(y))(Im Uhi(a;)5fcMM(a;)). 
Then 

" 4a,k{x-y)<^jk{x,y)dxdydt<u {rf + ^){K + R-^) + j-^Bi. 
For the Bj notation, refer ()6.17p . 

Proof. As ajk{x — y) is invariant under x ^ y, we may replace $ by the matrix 

l<S>jk{x,y) + ^<S>jk{y,x), 

which is Hermitian-symmetric. Moreover, for each x, y this matrix defines a positive 
semi-definite quadratic form on M^. To see this, notice that for any vector e g 
and any function 0, 

|efcej(Im^(2/)0j(y))(Im0(x)0fe(a;))| < |0(y)| |e • V0(y)| |0(x)| |e • V0(x)| 

< i|</.(x)ne • V0(y)p + i|^(y)ne . V0(a:)|2. 

As ajk is a real symmetric matrix (for any x and y), its eigenvectors are real. 
Thus, wherever ajk is positive semi-definite (i.e., a is convex), the integrand has 
a favourable sign. In general, the eigenvalues of the Hessian of a spherically sym- 
metric function and r with the latter having multiplicity two (ambient 
dimension minus one). In our case > and \arr\ J^^r~^. Therefore, we are 
left to estimate 

\yuMix)\^\uMiy)\^ 



R<\x-v\<e-'R J\X — y\ 



■dxdydt. (6.19) 
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To do this, we break the integral into two regions: |a; — a;(t)| > R/2 and |a; — a;(t)| < 
R/2. In the former case, we use (I6.13|) and ()6.16p to obtain the bound 

J 

j=o 

When \x — x{t)\ < R/2, we further subdivide into two regions. When additionally 
|a; — ?/| > Re^~'-'° , we estimate in much the same manner as above to obtain the 
bound 

J 

<u llVullio.^, iJ^'Rr' ■ {e'R){K + N-^) J^{K + N-^). 

j=J~Jo 

This leaves us to consider the integral ()6.19p over the region where |a; — a;(t)| < 
R/2 and |x — ?/| < Re/~'^°. Here we use the fact that by the almost periodicity of 
u (cf. also Remark 11.31 and (|6.13p ). 



\VuMit,x)\ dx<u j \uM{t,x)\ dx<u I \uhi{t,x)\ dx, 

JR3 J\x-x{t)\<R/2 

uniformly for t G [0, Tmax)- We also observe from (|6.10p that Jo{Jr)^^ < a^k] recaU 
Jo>^- Therefore, the remaining integral is <„ -j^Bj. □ 



The terms appearing in (j6.4p are referred to as momentum bracket terms on 
account of the notation 

{T, (j)}p := Re{TV4> - cjiVT). (6.20) 



Note that applying Proposition 16.21 with (/) — uyN gives = PhiF{u) — F{uhi)- 
These error terms are comparatively easy to control: 

Lemma 6.7 (Momentum bracket terms). For any e G (0, 1], 

\uht{t, y)\'^\/a{x ~ y) ■ {T, (f>}p dx dy dt 

(6.21) 

<ueBi+r^\\uM\\%^ + (e-i?7 + e^)(iV-3 + x). 

Proof. We begin by expanding the momentum bracket into several terms. First, 
we note that {F{4>),(j)}p = — |V|(/)|^ and so 

Uh^}p = -f V(|U|6 - \uio\^ - \um\^) ~ {F{u) ~ F{uio), Ulo}p - {PioF{u), ?/,„}p. 

Then, using {/,g}p = V(/5) + 0{f\7g), we obtain 

5 

j=i [b.zZ) 

+ V0{umPioF{u)) + 0{umVPioF{u)). 

We will treat each of these terms in succession. The presence of the gradient in 
front of a term is a signal that we will integrate by parts in (|6.2ip before estimating 
its contribution. 

We begin with the first term in (|6.22p . Integrating by parts and using 

5 

XI \um\'\uIo\^^' < £\uktf + e-^\ulo\^\uh^\[\uh^\ + |uio|]^, 
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we find that we need to obtain satisfactory estimates for 

\akk{x - y)\\uhi{t,y)\'^\uhi{t,x)\^ dx dy dt, (6.23) 

which fohow already fi-om Lemma |6.5[ and for 

\uhiit,y)\'^\uio{t, x)\^\uhtit, x)\[\uhiit, x) \ + \uio{t,x)\]^ 



e\x - y\ 



■dxdydt. (6.24) 



(To obtain this compact form, we use the fact that \akk{x — y)\ \x — y\~^ .) 
To bound this second integral, we use the Holder and Hardy-Littlewood-Sobolev 
inequalities, as well as Corollary 16.31 and (16.131) : 

(|6-24P < e-^|||a;r^ * l"/»nL4i6 I|uw||ml3 ^.^e 

t X I. J, t X t X 



< 



£ 



\Uhi\\LrLl \\Uhi\\ ^Ll ^4^00 \\uIo\\l-^lI 



<ue-^ri{N-^ + K). 

We now move on to estimating the contribution of the second term in (j6.22p . 
This is easily estimated using Corollary 16.31 



\\0{u'^UMufyUlo)\\Ll^ < ||'"w||Li-L2||VUio|li2^6||Uio||^4i^||u|||ooi6 

<urjN-\l + N^K). 
This takes the desired form when multiplied by 

\uUt,y)\^dy<,7j^N~^. (6.25) 



To control the third term in (|6.22p , we use Bernstein together with Corollarv l6.3l 

U^uI^\/UIo)\\l} ^ < \\\/uio\\L2L^\\uh,r\\l4 



<„ N^/^\\Vuio\\L2Le\\u,u\\l4 

<u N^UM\\i.^^+N-\l + N^K). 

Next, we estimate the contribution from the fourth term in ()6.22p . which, after 
integration by parts, this takes the form 

\uht{t,y)fakkix - y)0{uhiPioF{u)){t,x) dxdydt. 

To continue, we write Uhi(t,x) = div(VA^-'^u/ii(t, x)) and integrate by parts once 
more. This breaks the contribution into two parts; after applying Holder's inequal- 
ity and the Mikhlin multiplier theorem, the total contribution is bounded by 

lll^^r' * |wh«nL4ii.|||Vriuft,||i2i«||VF;o^^(?/)||^4i4/3 (6.26) 
+ |||a;|-2 * |uft,|2||^,^i,/5|||VriMft,||i2i6||Pio^^(M)||^4ii2/5. (6.27) 

Applying the Hardy-Littlewood-Sobolev inequality to the first factor in each 
term and using Sobolev embedding on the very last factor, yields 

+ < |||Uh.nL4i4/3|||VrV»|lL2i6||VP,oF(u)|1^4i4/3. (6.28) 
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To estimate \7PioF{u), we decompose F{u) — F{uio) + 0(Mft,iu'*). Using Holder, 
Bernstein, and Corollary 16.31 obtain 

Putting these together with Corollary 16.31 and (j6.13l) yields 

mB <\M\LrLl\\uH.\\LlJ\M-'un.hue[N'/\ 

<uTi[\\um\\1.^ + {N-'' + K)\ 

For the fifth (and last) term in (|6.22l) . we again write u^i = d\v{V /S.^^Uhi). After 
integrating by parts once, the contribution splits into two pieces, one of which is 
controlled by (j6.26p and another which we bound by 

||(Va) * |u,,,|2||^^^^^|||vriu,,,||i2^6||AP,oF(M)|l^,^6/5. (6.29) 

We now decompose F[u) = F{uio) + 0{uhiuf^u'^) + 0{uf^^u^). Using the Holder and 
Bernstein inequalities, we deduce 

\\APioF{uio)\\^,^eJ. < N\\Vuio\\L2Le\\uio\\i^^e <u Nil + N^KY'^, 

and 

\\APio&{ul,u^)\\^.^.,^ < N'^^u,rLlMl^Ll <u N'^^u,4ll^. 
Putting it all together we find 

B < \\uh^\\l^L,N-\l + N^Kf/^ [N{1 + N^Kf/^ + N''/^\\um\\1.} 
<urf[\\um\\l.^ + {N-'' + K)\. 

With the last term estimated satisfactorily, the proof of Lemma 1^771 is now com- 
plete. □ 

Looking back to Proposition 16.21 we are left with just one term in dtM{t) to 
estimate, namely, (|6.5|) . As in [5, we call this the mass (Poisson) bracket term and 
use the notation 

Notice that = for any function (f>. 



Lemma 6.8 (Mass bracket terms). For any e > 0, 

Im / / I {F,Uhi}m{t,y)^a{x-y)-Vuhi{t,x)uhi{t,x)dxdydt 

J I 



(6.30) 
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Proof. Exploiting the cancellation noted above and 

F{u) ~ F{um) - F{uio) = 0{uioUhtU^), 

we write 

{T,Uht},n = {PhiF{u) ~ F{uhi),Uhi\m 

= {Phi[F{u) - F{uht) - F(uio)],Uht}m - {PloF{uhi),Uhi}m + {PhiF {uio) ,Uhi} m 
= Q{uiou\(U^) - {PloF{uhi),Uht},n + {Ph%F{uio), Uhi\yn- (6.31) 

We will treat their contributions in reverse order (right to left) since this corresponds 
to increasing complexity. 

The contribution of the third term is easily seen to be bounded by 

\\uhi^Uhi\\L^Ll\WhiPhiF{uio)\\Ll^ < II Vu/„||Lj-L2||u/j,||^c,c^2iV"^ II Vi^(M;o) 11^1^2 

<u V^N'^\\yuio\\^L6juio\\\4^^\\uio\\'i^L<,^ 

For the second term in (I6.3ip we write Ufii — div{'VA~^Ufii) and integrate by 
parts. This yields two contributions to LHS (|6.30p . which we bound as follows: 

\\uhi^Uht\\L^Li\\\'^\^^Uhi\\^2^e \\'^PloFiuhi)\\^^l/s 

<„ \\uM\\LrLlN-\l + N^Ky^^N^^^F{uM)\\L2Li 

UluWlf lk'jj|li?=L6 

<u v{\\um\\1.^^ + N-"" + K) 

and 

'"/li||^2^6 ||^'io^'(Ufti)|| ^4^4/3 

<„ ||u,,L4^A^V4(^-3^^^)l/2|,^^^||^^jj^^^||1^5^4^|j^^^ 
<u 77'/^(h,„||t4^ +iV-3+i^). 

We now move to the first term in (|6.3ip . This term, or more precisely, the 
term 0(u;ou|j) contained therein, is the reason we needed to introduce the spatial 
truncation on a. Using Re"^ — N~^, we estimate this term via 

II Vuft,||iooi2 ||Mftj||i4 ^ II Valli-L^ W^htWlf ^ Wuioh^L^ ll"lli~L6 

<«h.,|li4 (e-^i?)3/V/'(l + 7V3^)V4 

<u v'^m\uM\\l.^+N--^ + K). 

This completes the control of the mass bracket terms. □ 

We are now ready to complete the 

Proof of Theorem \6.1\ From Holder's inequality, we see that when = u^i and a 
is as above, the interaction Morawetz quantity defined in (|6.2p obeys 

sup|M(t)| < 2||uft,|||ooi2(/xR3)l|Vuft,||L=oi2(/xR3) <„ rj^N"^, 
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provided, of course, that N is small enough so that ()6.13p holds. Applying the 
Fundamental Theorem of Calculus to the identity in Proposition 16.21 and putting 
together all the lemmas in this section, we reach the conclusion that 

87r||w,„||^4 j^^K3) +5/ (s + j^)Bi +^]i\\uh^\\l, JJ^^3) 

We remind the reader that this estimate is uniform in e, r/ G (0, 1], but was derived 
under several overarching hypotheses: (|6.13p . NRe' — 1, and J > 2 Jo > 2. 

We now choose our parameters as follows: First e and J^"^ are made small enough 
so that the Bi term on the RHS can be absorbed by that on the LHS. Next 77 and 
are chosen small enough both to handle the Lf^ on the RHS and to ensure 
that the prefactor in front of (iV~^ + K) is smaller than r/Q. We now choose R and 
large enough so that (|6.13p holds and then further increase or R so as to 
ensure NRe'' = 1. 

To fully justify bringing the two terms across the inequality, we need to verify 
that they are indeed finite. This is easily done: 

< |||V|i/Viv|ll4i3 <N-'\\\/uh^\\l.L■, <uN-' + N-^ [ N{tfdt, 



by Sobolev embedding, Bernstein, and Lemma 11.71 Similarly, 



^ l|w/ll|lLtLl||w/lt||^(fi2||VU/„||j:^l{/3 38/15 

<u N-^ + N-^ I N{tfdt, 



by also using the Hardy-Littlewood-Sobolev inequality. □ 

Remark 6.9. As noted in the course of the proof, the necessity of truncating a{x) 
stems from our inability to estimate one term. It would be possible to give a much 
simpler proof if we could show (a priori) that 

\WIM\lI^ <uN~' + ijNK, (6.32) 

for N sufficiently small. We will now describe what appears to be an intrinsic 
obstacle to doing this. 

With current technology, proving ()6.32p without using the interaction Morawetz 
identity seems to require proving that it also holds for almost periodic solutions 
of the focusing equation; however, the static solution W described in Remark 
shows (I6.32P does not hold in that setting. From (|4.18l) and simple arguments, 

\im N-^ [ \W>N(x)]^W<N(x)dx ^ \iiR N-^ [ W(xfW<N{x) dx 

= lim iV~' / \e\Wm^ip{C/N)d^^l. 

As N{t) = 1, it follows that K = \I\ and so WW^^WioWlI ^ > NK for N small. 
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7. Impossibility of quasi-solitons 

In this section, we show that the second type of almost periodic solution described 
in Theorem 11.81 namely, those with /J"""'' iV(i)^^ ~ oo, cannot exist. This 
is because their existence is inconsistent with the interaction Morawetz estimate 
obtained in the last section. 

Theorem 7.1 (No quasi-solitons). There are no almost periodic solutions u : 
[0,Tmax) X M-* C to (jl.ip with N{t) = Nk > I on each characteristic interval 

Jk C [Q,T,nax) which satisfy ||u||lio^([o,t„„,)xR3) = +oo and 

Nity'^dt ^oo. (7.1) 



Proof. We argue by contradiction and assume there exists such a solution u. 
First we observe that there exists C{u) > such that 

N{t) [ \u{t,x)\'^dx>l/C{u) (7.2) 

J\x-x{t)\<C(u)/N(t) 

uniformly for t € [OjTinax)- That this is true for a single time t follows from the 
fact that u{t) is not identically zero. To upgrade this to a statement uniform in 
time, we use the fact that u is almost periodic. More precisely, we note that the 
left-hand side of (|7.2[) is both scale- and translation-invariant and that the map 
u{t) I— >■ LIIS (|7.2p is continuous on and hence also on H^. 
Moreover, by Holder's inequality, 

N{t) [ \u<N{t,x)\Ux <„ \\u<N{t)\\le for any iV > 0, 

J\x~x(t)\<C{u)/N{t) 

uniformly for t G [0,Tniax)- Combining this with (|7.2p and Theorem 16.11 shows that 
for each 770 > there exists some TV — N{rio) sufficiently small so that 

N{tyUt<^7]oN-^ + r]o [ N{t)-Ut 
I J I 

uniformly for time intervals / C [0, T,nax) that are a union of characteristic subin- 
tervals Jk- In particular, we may choose 770 small enough to defeat the implicit 
constant in this inequality and so deduce that 

iV(i)~i = ^^im j N{t)'^dt<ul, 

which contradicts (|7.ip . □ 
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